the length of a shortest path joining u and v in G. The Numerous applications include circuit design, data representation, and parallel and distributive computing. Let A denote the adjacency matrix of G. That is, (A)ij 1 if there is an edge between i and j (or from to j), and it is 0 otherwise. Let di denote the degree of the ith vertex. When all di's are equal to k, we say that G is k-regular. The Laplacian of G is defined to be the matrix Q Q(G), where (Q) d and (Q)j -Aij if : j. When a directed graph has the property that the in-degree is equal to the outdegree at every vertex, we can define the Laplacian analogously. The smallest nonzero eigenvalue, denoted by A(G), of Q(G) can be used to derive various properties of G. It was shown in [12] , [13] that A(G) provides useful bounds for the expanding properties of G. Using the expanding properties, Alon and Milman [1] deduced the following upper bound for the diameter for graphs with maximum degree k" D(G) <_ 2v/2k/log 2 n.
This bound was later improved [3] Here a* is close to 5 and depends on n in a complicated way. However, limn--. a* 5, and thus the Chebychev polynomials are asymptotically optimal
[10], [6] , [7] . If For general Q, we are limited to Theorem 6.2. This requires #--IIQII, which can be computed by applying the Lanczos procedure on QTQ to find # IIQTQII. The value a (Q) can also be approximated by the Lanczos procedure applied to Q.
